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ABSTRACT: Polyelectrolyte gels with hydrophobic backbones exhibit complex phase behavior, such as the
formation of various nanophases, that involves local segregation of the monomers. The formation of these
inhomogeneous phases is mainly the consequence of the possible interactions on different length scales in
the system, with electrostatic effects dominating over large length scales. In this work, we demonstrate the
formation of nanophases in a model for a system of salt-free gel that incorporates entropic, elastic,
electrostatic as well as solvent interactions. In particular, we analyze the system using both linear and
nonlinear methods. Whereas the linear approximation properly identifies the region of instability against
nanophase formation, it does not properly describe such nonlinear effects as the formation of very sharp
interfaces between the nanosegregated regions. We further investigate the periodicity dependence as well as
monomer and charge distributions for the gel as functions of different physical system parameters.
Consequently, we determine that the range of solvent quality for nanophase segregation increases with
increasing charge fraction and decreasing cross-link density.

Introduction

Polyelectrolyte (PE) gels are increasingly being used for a
variety of applications that include superabsorbers, drug delivery
devices, artificial muscles, and actuators in microfluidics.1-7 The
3D network structure, along with a fine interplay of competing
elastic, entropic, electrostatic as well as van der Waals interac-
tions, endows themwitha very rich phase behavior.For networks
in good solvents, the effects of the van derWaals and electrostatic
forces between monomers are both repulsive, which leads to
general swelling to the extent as permitted by the elasticity of the
network. However, these two types of interactions between
monomers compete with each other in poor solvents, resulting
in the formation of finite-size domains or nanostructures.8 The
presence of cross-links in PE gels further constrains the size of the
consequent domains and reduces the possibility of macrophase
separation. In recent experiments,9 the formation of nanosized
domains, with sizes on the order of the wavelength of the
concentration inhomogeneities, has been observed. In particular,
large volume changes in charged gels have been found to be
associated with a nanophase or microphase segregation transi-
tion.Moreover, the domain sizes can be further controlled by the
addition of salts, which would screen the underlying electrostatic
interactions and lead to a corresponding increase in entropic
forces, as well as by varying such environmental conditions as the
solution pH, temperature, or electric field.

Unlike the well studied swelling-deswelling phenomenon of
polymer gels, a complete understanding of the formation of
nanophases and the corresponding nanopatterns is still lacking
because of the theoretical difficulties in dealing with the static
(frozen) inhomogeneities and the dynamic (thermal) fluctua-
tions8 therein. Prior theoretical approaches10-12 have not ac-
counted for the nonlinear effects in the free energy. As such, the
explication and classification of nanodomains remains a challen-
ging problem. In this work, we propose a model of salt-free PE

gels with 1D inhomogeneities that explicitly take into account
electrostatic fluctuations. Furthermore, a numerical minimiza-
tion of the resulting free-energy functional establishes the condi-
tions that lead to the formation of nanophases. In particular, we
show here that the nonlinear treatment predicts considerable
deviations from the conventional random phase approximation
(RPA) technique.Becausewe consider a 1Dmodel, the results are
directly applicable to only lamellar nanostructures, although our
results may provide guidance for the investigation of other
structures.

Model

We assume that the gel is prepared by cross-linking linear,
cationic PE chains under θ-solvent conditions and thus has a
Gaussian chain distribution at preparation. We further assume
the network to be regular andmonodisperse, which enables us to
approximate the gel as a periodic array of cubes that form
between the cross-links. In the absence of inhomogeneities, this
model gel will always isotropically deform to a new state that
minimizes the free energy for given physical conditions (e.g.,
solvent quality, charge fraction, cross-link density, etc.). How-
ever, the presence of inhomogeneities might favor a phase-
separated state if they are not suppressed by the competing
interactions. Because we consider inhomogeneities to be present
in one direction, a lamellar phase can be attained in the micro-
phase-separation regime.

The phase behavior of our model gel can be visualized by the
representation in Figure 1a, where we assume the inhomogene-
ities to be present in the x direction. In the event of phase
separation, we expect a lamellar phase with alternating dense
and depleted regions. The periodicity (λ) of this lamellar phase, in
turn, characterizes the regime of phase separation. A finite value
of λ indicates the microphase-separated gel, wherein the numer-
ical values of λ in the nanometer range indicate the existence of
nanophases. In particular, macrophase separation is attained
whenλf¥, andλ=0corresponds to the homogeneous (isotropic)*Corresponding author. E-mail: m-olvera@northwestern.edu.
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phase. The dense and depleted regions in Figure 1a correspond to
the polymer- and solvent-rich phases, respectively. This classifi-
cation of these two phases can bemore precisely quantified by the
introduction of the excess charge density defined as F(x)=s(x)-
fφ(x), where s(x) and φ(x) are the local counterion and the
polymer volume fractions, respectively. The quantity f repre-
sents the fraction of charged monomers. Figure 1b shows the
typical excess charge density profile in the microphase-separated
regime. Note that the volume fractions [φ(x),s(x)] are local,
and the inhomogeneity is assumed to occur on a smaller
length scale than the distance between the cross-links. This
assumption is necessary because it has been shown that micro-
phase-segregated nanogels with dimensions of the order of the
density fluctuations L* do not undergo nanophase segregation.9

Moreover, after the gel reaches a critical size, the resulting
patterns have been found to be size-independent. In our model,
the PE gel is assumed to be sufficiently larger than its critical
size so that we can neglect the boundary effects in the free
energy. We then compute the free energy for an infinitesimal
volume ΔV=AΔx, where A is the area in the direction per-
pendicular to the direction of inhomogeneities and Δx is an
infinitesimal length in the x direction. The polymer and counter-
ion volume fractions are both assumed to be constant in this
infinitesimal volume. The free energy per unit volume for the
entire gel is then obtained by integrating this free energy over
the region 0e xe λ, followed by division by the volume of the
region Aλ.

The free energy of the PE gel contains both solvent entropic
and mixing contributions that are evaluated in the mean-field
limit using the Flory-Huggins model

ΔFsolva
3

kBTΔV
¼ χφð1-φÞþð1-φÞ lnð1-φÞ ð1Þ

Here the quantity χ characterizes the solvent quality, with T and

kB representing the temperature and the Boltzmann constant,
respectively. In the above and subsequent equations, local
volume fractions [φ(x),s(x)] are written as [φ,s] for brevity.
Inhomogeneities modify the elastic free energy, and the resulting
expression can be derived by constructing a locally varying
deformation tensor.11 However, this approach assumesGaussian
chain distribution for polymer chains between the cross-links and
is not valid for highly compressed/stretched chains. Therefore, we
use another approach whereby the mean extension of a single
polymer chain (Æh(F )æ) is related to the net stretching force (F )
via the Langevin function L(F ), that is

H ¼ ÆhðF Þæ
hmax

¼ LðF Þ ¼ cothðF Þ- 1

F
ð2Þ

Here the quantity hmax=Na is the maximum chain extension,
whereN is the number of monomers between cross-links and a is
the monomer size. The quantity H is a dimensionless variable
representing the scaled chain extension. The Langevin function
forbids the stretching of the chain to length values higher than the
maximum possible stretching (Ff ¥ whenHf 1). Because the
Langevin function cannot be inverted analytically, we use the
interpolation formula for the stretching force in the range 0<
H<1, obtained by inverting the series expansions of Langevin
function in the limits of H , 1 and 1 - H , 113

F ðHÞ ¼ 3H-H3

1-H2
ð3Þ

In eq 3, the quantity H can be related to the volume fractions in
the actual state and to the hypothetical state in which all chains
are stretched to the maximum possible extension. Volume frac-
tion in that hypothetical state is given by φmax=3Na3/(Na)3=
3/N2. Therefore, for the homogeneously deformed gel

H ¼ ÆhðF Þæ
hmax

¼ φmax

φ

� �1=3

¼ 3

N2φ

� �1=3

ð4Þ

where φh is the volume fraction of the isotropically deformed state.
To account for the presence of inhomogeneities, we define local
scaled extensions as

HðxÞ ¼
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where we have used the fact that the extension in two directions
is the same as the homogeneously deformed case, and ζ =
2/(31/3N4/3

φh2/3). Note that we can uniquely define an isotropically
deformed state with volume fraction φh for all states of the gel that
correspond to a given cross-link density or a given gel volume. In
what follows, we take it as a fixed parameter only todetermine the
nanostructure with respect to an isotropically swollen state as a
reference state.

The elastic free energy is then evaluated by integrating F (H)
with respect to H. Upon simplifying, our elastic free energy in
dimensionless form follows
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The effect of inhomogeneities is included by an additional

Figure 1. (a) Schematic showing the phase behavior of phase-separated
gel for inhomogeneities along the x direction. (b) Typical excess charge
density profile in the micro(nano)phase-separated gel.
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concentration gradient term in the free energy11

ΔFgra

kBTΔV
¼ C

2
jrφj2 ð7Þ

The parameter C ≈ kBT/(aφh) is positive, as predicted by scaling
theory for polymers in θ solvents.14 The use of RPA for polymer
solutions11 leads to similar scaling, but the values ofC can vary by
corresponding factors in the high-q (∼kBT/[12aφh(1 - φh)]) and
low-q (∼kBT/[18aφh(1- φh)]) limits. Because we are only interested
in the behavior at finite periodicity, we choose the RPA value in
the low-q limit throughout our analysis. Note that the use of the
gradient term to explain the effects of inhomogeneities is a
standard practice in condensed-matter physics15 and can be
thought of as interfacial forces that result from concentration
gradients in the system.

The effect of charge enters into the free energy in two ways:
through the translational entropy of counterions as follows

ΔFiona
3=ðkBTΔVÞ ¼ s ln s ð8Þ

and in the Coulombic interaction energy as given by16

Felec ¼ A2

8πε

Z Z
FðxÞFðx0Þ
jx-x0j dx dx0 ¼ A

2

Z
FðxÞΦðxÞ dx ð9Þ

Here the quantity ε denotes the dielectric constant of the solvent,
andΦ(x) is the electrostatic potential at location x. Note that the
Coulombic energy is not present in the isotropically deformed
case because there is no excess charge in the system as a result of
electroneutrality. In our presentmodel, global electroneutrality is
satisfied but allowed to be violated locally because of the presence
of inhomogeneities. In turn, this gives rise to the Coulombic
interaction term that is otherwise absent in the isotropically
deformed case. As usual, the electrostatic potential is related to
the charge density via the Poisson equation, r2Φ=-F/ε. To
simplify the evaluation of the electrostatic energy, we use the
Green’s function approach,17where theGreen’s function also has
the same periodicity (λ) as the ion densities. The requiredGreen’s
function is determined by imposing the periodic boundary
conditions, G(0)=G(λ) and (dG/dx)|x=0=(dG/dx)|x=λ, on its
defining equation

d2Gðx-x0Þ
dx2

¼ -4πδðx-x0Þþ 4π

λ
; 0 < x-x0 < λ ð10Þ

which physically describes a point source with a uniform back-
ground consisting of the opposite charge. Therefore, the electro-
static potential at a location x can be written as

ΦðxÞ ¼ A

4πε

Z λ

0

Fðx0ÞGðx-x0Þ dx0 ð11Þ

Combining eqs 9 and 11, we obtain an alternative expression for
the Coulombic interaction as follows

Feleca
3

kBTV
¼ lB

2λ

Z λ

0

Z λ

0

FðxÞGðx-x0ÞFðx0Þ dx0 dx ð12Þ

Here the quantity lB= e2(4aπεkBT) is the dimensionless Bjerrum
length [typically ofO(1)]. Consequently, the 1DGreen’s function
that satisfies both eq 10 and the periodic boundary conditions is
given by

Gðx-x0Þ ¼ 2π

λ
½ðx-x0Þ2 -λjx-x0j� ð13Þ

The total free energy per unit volume of the gel can now be
written as the sum of eq 12 and a mean field term derived from

eqs 1, 6, 7, and 8
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Equations 12 and 14 are being made dimensionless by scaling all
lengths by the monomer size a. In the subsequent discussion, the
length variables are presumed to be dimensionless. Because
the isotropically deformed gel has the same overall volume as
the anisotropic gel, we also need to satisfy the balance constraintsZ λ

0

½φðxÞ-φ� dx ¼ 0;

Z λ

0

½sðxÞ-s� dx ¼ 0 ð15Þ

Imposing these constraints, we automatically satisfy the global
electroneutrality conditionZ λ

0

½sðxÞ-fφðxÞ� dx ¼ 0 ð16Þ

Minimization of the free energy functional given by the sum of
eqs 12 and 14, subject to the balance constraints (eq 15), yields the
density profiles and the periodicity of the system. Tominimize the
free energy functional, we develop a finite difference-based
scheme where we fix the value of λ and discretize the domain
0e x< λ intoM elements. The above integrals are then reduced
to sums, and we are left with a univariate-constrained minimiza-
tion problem with variables φi and si (i=1, 2, ...,M) representing
the volume fractions of polymer and counterions at M evenly
spaced locations in the interval of 0exeλ. Numerical minimiza-
tion is performed using the gradient-projection algorithm18,19 to
evaluate the density profiles that minimize the free energy for a
given fixed λ. Repeating this process for different values of λ
yields the optimal periodicity and density profiles.

To estimate the range of the model parameters for nanophase
formation, we use RPA to obtain an instability matrix in the
domain frequency via harmonic perturbations of the order
parameters [φ(x),s(x)] to the second order. The Hessian matrix
is given by

A ¼

δ2F̂

δφ
2

δ2F̂

δφδs

δ2F̂

δφδs

δ2F̂

δs2

2
66664

3
77775

¼
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k2
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-lBf

k2

-lBf

k2
1

fφ
þ lB

k2

2
66664

3
77775

ð17Þ
where F̂=Fa3/(kBTV) and k (=2π/λ) is the dominant wavevector
of the perturbations. Note that the first-order terms are canceled
by symmetry. The eigenvalues of the matrix A quantify the
stability of the system against inhomogeneities. The matrix A is
a 2 � 2 symmetric matrix with real elements for our system
parameters of interest and can be shown also to have real eigen-
values. We denote the maximum and minimum eigenvalues
by λþ(k) and λ-(k), respectively. Spinodals for regimes of micro-
phase and macrophase separation are then defined by the
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conditions {λ-(k*)=0 and (dλ-(k)/dk)|k*=0 for a finite k*>0}
and {λ-(0) = 0 and (dλ-(k)/dk)|k=0 = 0}, respectively.10 The
spinodal lines can be expressed in terms of critical solvent
qualities χmi (microphase) and χma (macrophase) as

χmi ¼
1

2
2f

ffiffiffiffiffiffiffiffi
ClB

p
-ClBfφþ 1

1-φ
þ ζf12þζð-16þ9ζÞg

6ð2-3ζÞ2φ

" #

χma ¼ 1

2

f

φ
þ 1

1-φ
þ ζf12þζð-16þ9ζÞg

6ð2-3ζÞ2φ

" #
ð18Þ

Therefore, in the RPA treatment, the system is expected to be
isotropic for χ<χmi, microphase-separate for χmi<χ<χma, and
macrophase-separate for χ>χma. The optimal periodicity in this
approach is λ* (=2π/k*), which leads to the largest negative
eigenvalue in the microphase regime.

Results and Discussion

Our choice of the model parameters is governed by the
objective of capturing all possible phases in the model gel. RPA
analysis provides initial estimates of the critical values of the
model parameters for microphase/macrophase segregation as
well as of the optimal periodicity. Numerical minimization is
then carried for a range of parameters close to these seed values,
which proves to be a good choice in that the linear theory
correctly identifies the regions of instability. In particular,
Figure 2 shows the results of our numerical minimization. At
low values of χ (χe2.4 in Figure 2), the free energy remains con-
stant with periodicity and implies no phase separation. For inter-
mediate values of χ (2.4eχe3.5 in Figure 2), a clear minimum
exists at a given finite periodicity, thereby signaling microphase
separation. The optimal periodicity is 5-10 times the monomer
size, which thus confirms the existence of nanosized domains
(nanophases). Upon further increasing χ while keeping other
parameters constant, the free energy passes through an inflection
point to become a monotonically decreasing function with a
minimum at λ f ¥ signaling macrophase separation. Figure 3
illustrates the excess charge density, monomer density, and
counterion density profiles at the optimal periodicity in the
nanophase regime. Profiles for the lowest χ value in these plots
indicate an isotropic phase where the densities are essentially
constant. For other values of χ, we observe the formation of a
dense region of monomers, followed by a depleted region, as is
expected for a lamellar structure. The dense region in the
polymer/excess charge-density profile gets sharper with increas-
ing χ until it reaches the macrophase regime. Whereas the
interfacial energy (described by the gradient term in eq 7) and
the Coulombic interaction drive the polymer chains toward the
formation of sharp profiles, the entropic forces are the dominant
interaction for the counterions that result in weak segregation.

Next, we compare the results of the nonlinear theorywith those
of the linear theory based on RPA. Figure 4 shows the optimal
periodicity that has been evaluated using the two approaches for
a range of values of χ and N. Whereas the optimal λ evaluated
from the linear theory is almost constant (slight downhill slope),
the nonlinear theory shows phase-transition-like behavior.More-
over, the values of optimal λ in the nonlinear theory are found to
be lower than those in the linear theory. Figure 5a,b shows the
plots of critical solvent qualities (χmi and χma, as defined by eq 18
for the RPA and numerically evaluated in the nonlinear ap-
proach) as functions of f and φh, respectively. We observe that
the range of solvent quality for nanophase separation takes on
larger values for higher charge fraction of monomers (Figure 5a)
and lower cross-link density (or lower equilibrium volume

fraction φh as shown in Figure 5b). As evident from these plots,
the region of micro(nano)phase separation (between the dashed
lines) is significantly reduced when compared with the RPA
predictions (between the bold lines). The discrepancy can be
attributed to the improper treatment of the energy of electrostatic
fluctuations and the interfacial energy expression found in the
RPA approach. More specifically, the nonlinear terms become
significant at the instance a nanophase is formed.

The transition between an isotropic state with weak density
inhomogeneities and a strongly correlated periodic nanophase is

Figure 2. Free energy minimum against periodicity for a range of
solvent quality (χ). Free energy is defined as the difference between
that of the actual state and the isotropically deformed state of gel. The
model parameters are φh=0.05, lB=1, N=100, and f=0.5.

Figure 3. Profiles of (a) excess charge density, (b) monomer density,
and (c) counterion density for a range of solvent quality. Densities are
reported in terms of volume fractions. The model parameters are φh=
0.05, lB=1, N=100, and f=0.5.
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expected to be first-order in nature. Moreover, given electroneu-
trality in each cell, the system will shrink in volume by releasing
water. We note that the formation of the respective domains
consisting of swollen and of collapsed chains gives rise to a
complex mechanism of charge regulation, reminiscent of the
domains observed in grafted charged chains in poor solvent
backbones.20 In the present work, we do not account for changes
in dielectric permittivity (documented in studies of charged gels in
a poor solvent21), which will generally lead to ion adsorption
at liquid interfaces separating dielectric inhomogeneities.22-25

We also ignore the possibility of forming necklace conformations
that have been predicted in solutions of weakly charged chains
with hydrophobic backbones26,27 and observed in networks of
hydrophobic chains with charged groups.28

In summary, the excess charge-density profiles in the nano-
phase-separation regime clearly show the presence of dense
segregated regions alternated by depleted regions. However,
there exists an interfacial energy cost associated with the creation
of sharp interfaces between these regions. Because this behavior is
not properly accounted for in the conventional linear-response
(RPA) approach, the stability region of the nanophase-segre-
gated structure found from the nonlinear numerical solution
turns out tobe smaller than that foundusingRPA.Our 1Dmodel
should serve as a useful guide to the analysis of the more general
3D problem. First, we are able to obtain approximate analytical
expressions describing the onset of various phase-separation
regimes. Second, the framework of our 1D formulation can be
straightforwardly generalized to the 3D case without additional
fundamental changes in our formalism. Aside from the general-
ization to three dimensions, we can also consider a nonzero salt
concentration in our analysis. The presence of salt (and, in
particular, multivalent salt) may lead to a plethora of new
behaviors because of the effects of screening, ion-pairing, and
ion condensation.29-33 From the modeling perspective, these
aforementioned effects have a few qualitative consequences. In
particular, salt ions in the reservoir introduce both coions and
counterions into the system and thus can permit ion exchange
with the reservoir without violating electroneutrality. As such, we

can no longer neglect the reservoir contribution to the free energy.
The influence of other environmental conditions (e.g., pH,
electric field, chemical reactions, etc.) may also be studied along
similar lines of reasoning. It will be interesting to include
fluctuations in our presentGreen’s function formalism, following
the recent field-theoretical approach developed to study the
phenomenon of PE complexation.34
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